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Let f: 5” -t S’ be a continuous self-map of the circle. We show that f is uniquely 
ergodic iff f has at most one periodic orbit. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let jY S’ + S’ be a continuous self-map of the circle. f is called uniquely 
ergodic if there is only one f-invariant Bore1 probability measure on S’. In 
[2], H. Funstemberg proved that iff is a homeomorphism of S’ with no 
periodic points, then f is uniquely ergodic. 
In this note we obtain the following similar result for continuous 
self-maps of S’. 
THEOREM. Let f: S’ + S’ be a continuous self-map of the circle. Then f is 
uniquely ergodic iff f has at most one periodic orbit. 
The proof of the Theorem is based on the PoincarC Recurrence Theorem 
and a result of Auslander and Katznelson [l] which is an extension to 
continuous self-maps of degree 1 of a well known theorem of Poincart [3]. 
2. PROOF OF THE THEOREM 
We begin by recalling some basic concepts. 
Formally we will think of the circle as R/Z and use n to denote 
the canonical projection. Thus every continuous map f of the circle has 
countably many lifts, i.e., continuous maps F: R + R satisfying 
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Any two such lifts differ by an integer and the unique integer d satisfying 
F(X+ l)=F(X)+d 
for all lifts F and all X is called the degree off, denoted deg(f). 
In addition, we will think of the circle as oriented so that rr is orientation- 
preserving. Thus notation such as [a, b] will make sense on the circle as 
well as on the interval or reals. 
Now we prove the theorem. First suppose that f is uniquely ergodic. 
Then f has at most one periodic orbit because by [4, Theorem 6.161 every 
periodic orbit is the support of an f-invariant measure on S’. 
Now suppose f has at most one periodic orbit and let P(f) denote the 
set of periodic points off: 
First, we assume that P(f) = (25. By [ 11, there is an irrational rotation 
R of the circle and a continuous degree one map 4: S’ + S’ such that 4 is 
monotonic and R 0 4 = C$ OJ Let p,, pLz be two f-invariant Bore1 probability 
measures on S’. We shall prove that p, = p”z by adapting a technique due 
to Funstemberg [4, Theorem 6.181. In fact, since the Haar measure m is 
the only R-invariant measure we have 
Let [a, b] be an interval in S’. The monotonicity of 4 and the fact that 
degree 4 = 1 imply that ti-‘d[a, b] is an interval [c, d]. This implies that 
4(x)=4(a) for all x E [c, a]. 
cb(x) = d(b) for all x E [b, d]. 
Then 
and 
PiCc2 al 6 Pi(4-1d(u)) = m(d(a)) =O 
PiCb, dl ~~i(~-‘~(b))=m(~(b))=O, 
for i= 1,2. Thus 
PilI”2 bl =PA4-‘4[% bl)=m(d[u, b]). 
Hence, 
P,II% bl = PLz[% bl 
and so pr = p2. Therefore, f is uniquely ergodic. 
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Now we assume that f has only one periodic orbit. It follows from this 
that to show that f is uniquely ergodic it is sufficient to show that 
p(P(f )) = 1 for all f-invariant Bore1 probability measure p on S’. 
By [4, Remark 6.1511, to prove this property it is suflicient to show that 
R(f) = P(f), where R(f) denotes the set of recurrents points off: Hence, 
everything is reduced to proving this condition. 
Since f has only one periodic orbit, deg(f) is 0 or 1. Let F R -+ R be a 
lift off”, where m is the period of the periodic orbit ofj We can assume 
without loss of generality that F(0) = 0. 
Claim 1. X- 1 < F”(X) < X+ 1 for all n and all X. 
If deg(f) = 0, the claim follows immediately from the fact that F”(0) = 0 
for all n. Hence we may assume that deg(f) = 1. Since F”(X+ K) = 
F”(X) +K, we need prove the claim only for XE [0, 1). If F”(X)>X+ 1, 
then 
Fk”[O, X] 2 [O, x+ k] for all k. 
and so f has an infinite number of periodic points. Similarly, if 
F”(X) 6 X- 1, then 
Fk”[X, l] z [X-k, l] for all k, 
and again has an infinite number of periodic points. This proves Claim 1. 
Claim 2. Let O=X,<X, < . . . < X, = 1 denote the points in [0, 1) 
such that {7$X,); 0 d i < m > is the periodic orbit off: Then 
P(F)= (Xi+ndeg(f);nEZ, O,<i<m}. 
To prove this claim, it is sufficient to show that Xi is a fixed point of F 
for 0 < i < m. Since nF(X,) =f ‘%(A’,), F(Xi) = Xi + K for some integer K. 
By Claim 1, K= 0 and hence Xi is a fixed point of F. 
Claim 3. Let ifs (0, 1, . . . . m - 1> and KE N. Then either 
F”(X) > X for all XE (Xi+ Kdeg(f), Xi+, + Kdeg(f) and all n 
or 
F”(X) <A’ for all XE (Xi + K deg( f ), Xi+ 1 + K deg(f)) and all n. 
Since deg(f) = 0 or 1, 
F”(X+ K) = F”(X) + Kdeg(f ), 
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so we need prove the claim only for K - 0. If F[X,, X,, ,] = [X,, X,, ,I, it 
follows by Claim 2 that either 
F(X) > x for all XE (Xi, Xi+ ,) 
or 
F(X) <x for all XE (X,, Xi+ I). 
Since F”(X) E LX,, Xi+ ,] for all n, the conclusion of the claim holds. 
If [X,,Xj+,]#FIXi,Xi+l], then there exists a point YE(X,,X,+,) 
such that either F( Y) = Xi or F( Y) = Xi+ ]. Since X, and X,, j are fixed 
points of F, either 
F”(Y)ZXi< Y for all n 
or 
F”(Y)=Xi+,> Y for all n. 
This and Claim 2 imply that either 
F”(X) <x for all XE (Xi, X,, 1) and all n 
or 
F”(X) > x for all XE (Xi, X,, r) and all n. 
Claim 4. Let XGR and let w(X) denotes the o-limit set of the orbit 
F”(X). Then 
By Claim 1, 
0 # 0’) c P(F). 
0#o(X)E[X-l,X+l]. 
If 
{F”‘(X)) c (Xi+ Kbdf 1, Xi+, + Kdeg(f 1) 
for some K E N and some subsequence {P(X)}, then by Claim 3, either 
F”‘(X) < F”*(X) -c ... <:X,+ I + Kdeg(f) 
or 
F”‘(X) > F”*(X) s . s . > X, + K deg(f ). 
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Hence w(X) n [Xi + Kdeg(f), Xi+ i + K deg(f)] is a point. These facts 
imply that w(X) is finite and so w(X) E P(F). 
Now we prove that R(f) = P(f). If XE R(f), then lim,,, a f”(x) = x 
for some subsequence (f”(x)). Since ni= k,m + Zi with 16 Zi<m, we 
may assume by looking at a subsequence of (f”‘(x)) that there exists 
16 2~ m such that lim,,- m(fm)ki (f’(x)) =x. Hence, if rr( Y) =f’(x) then 
lim,,- m rcF“‘( Y) = x. By Claim 4, x = YE(Z), where 2 is a fixed point of F. 
Therefore, x~P(f) and this completes the proof of the theorem. 
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